In this paper, we get a criteria of weak Poincaré inequality by some integrability of hitting times for jump processes. In fact, integrability of hitting times on a subset F of state space E implies that the taboo process restricted on E \ F is decay, from which we get a weak Poincaré inequality with absorbing (Dirichlet) boundary. Using it and a local Poincaré inequality, we obtain a weak Poincaré inequality by the decomposition method.
Introduction and main results
During the recent years, a lot of progress has been made in the understanding of functional inequalities and their links with the convergence rates of Markov processes. As we know, the convergence rates of a Markov semigroup and the corresponding functional inequalities can be determined by each other. To describe the convergence rates slower than exponential, Röckner and Wang [] introduced the following weak Poincaré inequality (WPI): satisfies (cf ) = c  (f ) and (P t f ) ≤ (f ) for any c ∈ R and f ∈ L  (μ). They proved that the L  -convergence rate of a Markov semigroup and the corresponding weak Poincaré inequality can be determined by each other. We restate the results as follows. Let (P t ) t≥ be the Markov semigroup determined by the Dirichlet form (D, D(D)). Assume that (.) holds. Then
where ξ (t) = inf{r >  : -  α(r) log(r) ≤ t}. Conversely, in the reversible case, (.) implies the weak Poincaré inequality (.) for α(r) = r inf s>
. In this paper, we
Recently, much literature was devoted to the relationships of the Poincaré-type inequalities and Lyapunov conditions used in the 'Meyn-Tweedie' theory (see [, ] [] studied the algebraic convergence rates for diffusion processes on Riemannian manifolds with boundary by using a Lyapunov condition. In the present paper, we use some integrability of hitting times to get a type of weak Poincaré inequality for jump processes, which can be used to study the convergence rates for jump processes in the sense of P t -π ∞→ .
Let (q(x), q(x, dy)) be the q-pair of a regular reversible q-process with transition kernel P t (x, dy) on a probability space (E, E , μ). Denote by b E the set of bounded functions on E . For f ∈ b E , denote by L and P t the generator and semigroup, respectively, where
Now, we introduce two inequalities used in this paper.
Taking F ∈ E such that μ(F) > , we have the inequality
which is said to be a weak Poincaré inequality with Dirichlet boundary (WPID).
A local Poincaré inequality (LPI) restricted on F is satisfied if
where
. Define
Then λ  (F) - is the smallest constant such that local Poincaré inequality restricted on F holds. This paper is organized as follows. In Section , we prove that some integrability of hitting times on a subset of state space is sufficient for the WPID (.). In Section , we show how to use LPI and WPID to get WPI.
The following is the main result of this paper. 
Theorem . Fix F ∈ E with μ(F) > . Assume that a local Poincaré inequality restricted on F is satisfied for a reversible q-processes with q-pair (q(x), q(x, dy)). Let τ F := inf{t ≥  : X t ∈ F} be the hitting time of F. If there exist a decreasing function
In this theorem, we get a criterion of weak Poincaré inequality by integrability of hitting times and a local Poincaré inequality on a fixed subset for jump processes. Since the subset is fixed, it is different from the criterion of WPI in Theorem .. of [].
The hitting time and weak Poincaré inequality with Dirichlet boundary
In this section, we prove that some integrability of hitting times on a subset F implies that the taboo process restricted on E \ F is decay, by which we get a weak Poincaré inequality with Dirichlet boundary.
Denote
for x ∈ F c and  otherwise; F P t is a Markov semigroup,
Its generator F L is defined as
Then F P t is reversible with respect to μ. We also define the Dirichlet form
).
where the last inequality holds since ξ (t) is decreasing. Since F P t is reversible with respect to μ, by (.) we have
Set η(t) = cξ (t). Then
By [] this implies the nonergodic weak Poincaré inequality
For every g with g| F = , let f = g| F c . Thus,
Besides, by (.) we have
By (.) it follows that
The relationship of WPID and WPI
In this section, we show how to use the local Poincaré inequality and weak Poincaré inequality with absorbing boundary to obtain a weak Poincaré inequality.
The relationship of WPID and WPI when F is a singleton
First, we consider the case that F is a singleton. Assume that F = {θ } and μ(θ ) > . For convenience, we denote μ(θ ) =: μ θ and f (θ ) =: f θ .
Lemma . For any r > , define
and
Proof (a) For the upper bound of α(r), noticing that
Then, by the definition of α(r) we have
On the other hand, for any f ∈ L  (E) with f θ = , we have
Then, by the definition of α θ (r) we have
Thus, by (.) and (.) we have α θ (
The relationship of WPI and WPID for general F
For a general set F, we consider the relationships of α(r) and α F (r) by the decomposition method and the conclusions given in Section .. Thinking of F as a point θ , we construct another state spaceÊ and q-process with q-pair (q(x),q(x, dy)) as follows:
and, for x = θ and H ∈Ê ,
and, for x ∈ E,q(x) =q(x,Ê). Then (q(x),q(x, dy)) is a reversible q-pair on (Ê,Ê ) with respect to the probability measureμ, where, for any H ∈Ê ,
It is easy to see thatα θ (r) = α F (r). By Lemma . we have a nice relationshipα θ (
). So we obtain the following lemma.
Next, we first prove the relationships betweenα(r) and α(r).
Proof (a) For the lower bound, given an arbitrary functionf onÊ, set
By the definition of α(r), for this function f , we have
By a simple calculation we get
.
We obtain
On the other hand, for any function f on E, we set
It is easy to see that μ(g) =μ(f ) = μ(f ). Thus, we have 
